The acoustic attenuation performance of perforated dissipative circular expansion chambers with inlet/outlet extensions is investigated. The eigenvalues and eigenfunctions of the sound field are analytically determined in the extended inlet/outlet circular ducts, upstream/downstream end annular dissipative chambers, and the central perforated dissipative expansion chamber. Utilizing the continuity conditions of velocity/pressure at the interfaces, the transmission loss is predicted by a two-dimensional analytical approach. For a specific configuration, such predictions are compared with both experiments and a three-dimensional computational solution based on the substructure boundary element technique, showing a reasonable agreement. The analytical results for the effect of the absorbent resistivity, duct porosity, and geometry on the acoustic attenuation performance are discussed in detail.
I. INTRODUCTION
Due to the relative simplicity of their flow path leading to low backpressure and desirable sound attenuation performance with increasing frequency, dissipative silencers have been used increasingly in gas flows, such as heating, ventilation, air conditioning, and automotive exhaust systems. To predict their acoustic behavior, both three-dimensional ͑3D͒ finite-element ͑FEM͒ 1-3 and boundary element methods ͑BEM͒ 4, 5 have been developed for complex geometries. For silencers of axially uniform and arbitrary cross sections, various approaches [6] [7] [8] [9] [10] [11] have been adopted to reduce the computational time associated with a 3D FEM/BEM. Including the effect of mean flow and calculating the eigenvalues by FEM, Astley and Cummings 6 obtained the modal attenuation rate in a silencer of rectangular cross section. Cummings 7 further predicted the sound transmission in a dissipative silencer of arbitrary cross section by using a segmented Rayleigh-Ritz method. Glav obtained the eigenvalues ͑wave numbers͒ and eigenfunctions of an infinite cylindrical dissipative silencer of arbitrary cross section by using the point-matching 8 and null-field approaches; 9 he further expanded 10 the acoustic field in a dissipative silencer by using the eigenfunctions and adjusted to the boundary conditions at the inlet/outlet by mode matching, then derived the transfer matrix for a silencer of arbitrary cross section, while providing numerical results for a silencer with elliptical cross section. Kirby 11 derived the eigenvalues/eigenfunctions by employing a 2D FEM, matched the expanded acoustic pressure and velocity fields in the expansion chamber of dissipative silencer to the inlet/outlet pipes by using point collocation, and obtained the transmission loss.
For a dissipative silencer of simple cross section, such as circular, various analytical approaches have also been developed. [12] [13] [14] [15] Cummings and Chang 12 obtained the transmission loss of a dissipative expansion chamber including the mean flow by a mode-matching technique. Kirby 13 investigated the acoustic attenuation of a circular dissipative silencer and obtained the transmission loss by using a simplified approach. Xu et al. 14 developed a 2D analytical solution to examine the acoustic performance of dissipative expansion chambers by a pressure-and velocity-matching technique. 16 Selamet et al. 15 further investigated the effect of perforated ducts on the sound attenuation in dissipative silencers.
The foregoing studies [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] have demonstrated that the acoustic performance of a dissipative expansion chamber can be improved by the fibrous material, though usually at relatively high frequencies. Due to the coupling of broadband domes of a simple expansion chamber and the resonant peaks of a quarter-wave resonator, the inlet/outlet extensions can enhance the transmission loss in an expansion chamber, particularly at low frequencies. [17] [18] [19] [20] [21] Utilizing the modematching technique, Å bom 17 developed a general 3D analytical approach to determine the four-pole parameters including higher order mode effects for expansion chamber mufflers with inlet/outlet extensions. Selamet and Ji 18 investigated the acoustic attenuation performance of circular expansion chambers with extended inlet/outlet, and employed three approaches to determine the transmission loss: a 2D axisymmetric analytical solution, a 3D BEM, and experiments. For a circular expansion chamber with extended end inlet and side outlet, they 19 also investigated the acoustic attenuation and determined the transmission loss by a 1D analytical approach, a 3D BEM, and experiments. Furthermore, Selamet et al. 20 studied the acoustic behavior of a circular dualchamber muffler by a 2D analytical approach, FEM, and experiments, and investigated the effect of rigid baffles, the inner radius and the axial position of the baffle, and the inlet/ outlet extensions. For extended-duct and perforated-duct mufflers, Torregrosa et al. 21 obtained the end corrections by a 2D FEM, and validated the predictions experimentally.
Although the dissipative silencers and the expansion chambers with inlet/outlet extensions have been investigated in detail, the combination of the two concepts-the perforated dissipative silencers with inlet/outlet extensionsremains to be explored. The objective of the present study is then to: ͑1͒ investigate the acoustic attenuation of a perforated dissipative silencer with inlet/outlet extensions by a two-dimensional analytical approach; ͑2͒ compare such predictions with the experimental and numerical results for a specific configuration; and ͑3͒ examine analytically the effect of absorbent resistivity, duct porosity, and geometry on the transmission loss. Following this Introduction, Sec. II develops a two-dimensional analytical approach for the transmission loss of the perforated dissipative silencers with extended inlet/outlet. Section III discusses the effects of absorbent resistivity, duct porosity, and geometry on the transmission loss, and compares the analytical results with the numerical predictions and experiments. The study is concluded with final remarks in Sec. IV.
II. TWO-DIMENSIONAL ANALYTICAL APPROACH
Consider a cylindrical expansion chamber of radius r 2 and total length LϭL 1 ϩL C ϩL 2 with solid inlet ͑of length L 1 ) and outlet ͑of length L 2 ) extensions, a perforated duct of radius r 1 , length L C , and porosity , and a sound-absorbing material between radii r 1 and r 2 , as shown in Fig. 1 . The origin of the x axis is located at the end of the solid inlet duct. The absorbing material is assumed to be homogeneous and isotropic, and characterized by the complex speed of sound c and density ͑The expressions are deferred to Appendix A.͒ The air in the airway is characterized by the speed of sound c 0 and density 0 . The extended inlet duct, the upstream end concentric annular chamber (ϪL 1 рxр0), the central perforated expansion chamber (0рxрL C ), the downstream end concentric annular chamber (L C рxрL C ϩL 2 ), and the extended outlet duct are denoted by domains I, II, III ͑including the central airway III a and the concentric outer chamber with sound-absorbing material III b ), IV, and V, respectively.
A. Wave propagation in domain I
For an axisymmetric wave propagation in the extended inlet duct ͑domain I in Fig. 1͒ , the solution of the Helmholtz equation can be written as
with jϭͱϪ1, P A being the acoustic pressure in the inlet pipe; A n ϩ and A n Ϫ the modal amplitudes corresponding to components traveling in the positive and negative x directions, respectively; r designates the radial direction; k x,A,n the wave number in the x direction with subscripts x,A,n denoting axial direction, domain I, and order of the waves, respectively;
is the eigenfunction, J 0 is the zeroth-order Bessel function of the first kind, and k r,A,n the radial wave number satisfying the rigid wall boundary condition of
with wave numbers k x,A,n and k r,A,n being related by
where k 0 ϭ/c 0 ϭ2 f /c 0 is the wave number in air, being the angular velocity, and f the frequency. In view of the linearized momentum equation, the particle velocity in the axial direction may then be written as
B. Wave propagation in domain II
The pressure for a two-dimensional axisymmetric wave propagation in the upstream annular duct ͑Fig. 1: domain II of length L 1 , inner radius r 1 , outer radius r 2 , and filled with sound-absorbing material͒ is expressed as with P B being the acoustic pressure; B n ϩ and B n Ϫ the modal amplitudes corresponding to components traveling in the positive and negative x directions, respectively; k x,B,n the axial wave number with subscript B denoting domain II. The eigenfunction for such a circular, concentric annular duct is
with J 1 being the first-order Bessel function of the first kind; Y 0 and Y 1 being Bessel functions of the second kind of zeroth-and first order; k r,B,n the radial wave number satisfying
The axial wave number of the n mode k x,B,n is related to k r,B,n by
with k ϭ2 f /c being the wave number in the fibrous material. From the linearized momentum equation, Eq. ͑6͒ yields the particle velocity in the axial direction as
C. Wave propagation in domains III a and III b
Consider the central perforated dissipative expansion chamber of radius r 2 ͑domain III in Fig. 1͒ with a perforated screen of radius r 1 and porosity that separates the central airway ͑domain III a ), and the sound-absorbing material in the outer chamber between radii r 1 and r 2 ͑domain III b ). The pressure may then be expressed as
and
where subscripts C, III a , III b denote domains III, III a , and III b , respectively; C n ϩ and C n Ϫ the modal amplitudes; k x,C,n the axial wave number for both the central airway and absorbent material. The transverse modal eigenfunction for the pressure is given by
where k r,C,n and k r,C,n are the radial wave numbers for the air and fibrous material, respectively, which are related to k x,C,n by
The wave numbers can be obtained from the characteristic equation ͑derived from the boundary conditions of acoustic pressure and radial particle velocity at rϭ0, r 1 , and r 2 ͒ as
with p ͑given in Appendix B͒ being the nondimensionalized perforate acoustic impedance, which relates the acoustic pressure in the inner duct and outer chamber through the interface. The coefficients C 1 -C 4 can also be expressed as
With the solution of the wave numbers from Eq. ͑15͒ and the coefficients C 1 -C 4 from Eq. ͑16͒, Eq. ͑13͒ yields the expression for the transverse modal eigenfunction of the pressure as
with
From the linearized momentum equation
Eq. ͑17͒ yields the particle velocity in the axial direction as
with the transverse modal eigenfunction for the velocity being expressed as
D. Wave propagation in domains IV and V
The acoustic pressure and axial particle velocity in domains IV and V are similar to those in domains I and II, and can be readily expressed as
where subscripts D and E denote domains IV and V, respectively; D n ϩ , D n Ϫ , E n ϩ , and E n Ϫ the amplitudes; with both the eigenfunctions D,n (r), E,n (r) and wave numbers k x,D,n , k x,E,n being similar to those of domains II and I.
E. Transmission loss prediction
With the pressure and particle velocity given by Eqs. ͑1͒, ͑5͒, ͑6͒, ͑10͒, ͑17͒, ͑19͒, and ͑21͒, transmission loss can then be obtained by solving the unknown coefficients A n , B n , C n , D n , and E n using the boundary conditions at x ϭϪL 1 , 0, L C , and L C ϩL 2 . In view of Eqs. ͑10͒ and ͑21͒, the rigid boundary condition at the left (xϭϪL 1 ) and right (xϭL C ϩL 2 ) endplate of the chamber u x,B ϭ0, for r 1 рrрr 2 , xϭϪL 1 , ͑22a͒
and u x,D ϭ0, for r 1 рrрr 2 , xϭL C ϩL 2 , ͑22b͒
At the interfaces of expansion (xϭ0) and contraction (x ϭL C ), the continuities of the acoustic pressure and axial velocity give P C ϭ P A , for 0рrрr 1 ,xϭ0, ͑24a͒
and P C ϭ P E , for 0рrрr 1 ,xϭL C , ͑25a͒
In view of the expressions of the pressure and velocity as infinite series of unknown amplitudes in Eqs. ͑1͒, ͑5͒, ͑6͒, ͑10͒, ͑17͒, ͑20͒, and ͑21͒, Eqs. ͑24͒ and ͑25͒ yield
In order to solve Eqs. ͑26͒ and ͑27͒, the infinite series of unknown amplitudes needs to be truncated to a suitable number. In solving a similar problem, the acoustic field across the discontinuities was matched in Refs. 14 and 15 by imposing the continuities of the acoustic pressure/velocity integral over discrete zones at the expansion/contraction. For dissipative silencers with inlet/outlet extensions, another analytical approach 18 proves to be more suitable to match the acoustic field across the interfaces of expansion/contraction. For the continuities of pressure at interfaces of xϭ0 and L C , multiplying both sides of Eqs. ͑26a͒ and ͑27a͒ by A,s dS or E,s dS gives 2 , for sϭ0,1,. ..,ϱ.
͑31͒
By multiplying both sides of Eqs. ͑26c͒ and ͑27c͒ by C,s,u x dS, the continuities of axial velocity at interfaces of xϭ0 and L C provide
The expressions of the integrals ͗ ͘ in Eqs. ͑28͒-͑33͒ are provided in Appendix C.
To determine the transmission loss of the perforated dissipative silencers with inlet/outlet extensions: ͑1͒ the incoming wave is assumed to be planar and its magnitude A 0 ϩ is chosen to be unity for convenience, and ͑2͒ an anechoic termination is imposed at the exit by setting E n Ϫ ϭ0. Thus, in view of Eq. ͑23͒, Eqs. ͑28͒-͑33͒ give a large ͑theoretically infinite͒ number of relations 6(sϩ1) for a large number of unknowns 6(nϩ1). The unknowns are the magnitudes of incident and reflected waves in domains I-V (A n Ϫ , B n Ϫ , C n ϩ , C n Ϫ , D n ϩ , and E n ϩ ). Since higher modes have a diminishing effect on the solution, s and n can be truncated to N, resulting in 6(Nϩ1) equations with 6(Nϩ1) unknowns. The value of N needed for a converged solution depends on the dimensions of the chamber, and the frequency range of interest. Once Eqs. ͑28͒-͑33͒ are solved, the transmission loss may be determined as TLϭϪ20 log 10 
under the assumption that all transmitted waves in the outlet pipe are nonpropagating modes except the first mode.
III. RESULTS AND DISCUSSION
For the perforated, dissipative circular expansion chamber with inlet/outlet extensions studied here ͑recall Fig. 1͒ , the following base parameters are chosen: r 1 ϭ2.45 cm, r 2 ϭ8.22 cm, LϭL 1 ϩL C ϩL 2 ϭ25.72 cm, Rϭ4896 Rayls/m ͑for a filling density of 100 g/l͒, porosity of perforated duct ϭ8%, thickness of the perforated duct t w ϭ0.09 cm, and diameter of the holes d h ϭ0.249 cm. With the exception of solid inlet/outlet extensions, this choice retains consistency with the configuration of Ref. 15 . Figure 2 presents the analytical results for the transmission loss of a perforated dissipative circular expansion chamber with extensions L 1 ϭL 2 ϭ2.4 cm. To examine the accuracy of the analytical approach, the results from experiments ͑utilizing the two-microphone technique͒ and computations ͑BEM 5 ͒ are also provided. For the current geometry and frequency range of interest, the analytical results are sufficiently accurate for Nу9; hence, Nϭ9 is used in the remainder of the study. The analytical results agree well with those of BEM, and show a reasonable comparison with the measurements. The transmission loss of this silencer has a peak value at the resonance frequency around 1200 Hz, and exceeds 30 dB at a relatively broad frequency range (770 Hzр f р1650 Hz.) The difference between predictions and measurements is attributed to the approximations in- 
Analytical TL predictions for perforated dissipative expansion chambers with different lengths of inlet/outlet extensions (L 1 ,L 2 ) are presented in Fig. 3 , while retaining the same total length ͑L͒. Figure 3͑a͒ shows results for silencers with L 2 ϭ0 and varying L 1 ; Fig. 3͑b͒ with L 1 ϭL 2 and varying lengths; Fig. 3͑c͒ with L 1 L 2 and varying lengths. The no-extension (L 1 ϭL 2 ϭ0) base case is also included in these figures for comparison. Figures 3͑a͒-͑c͒ reveal that: ͑1͒ the extensions do not influence the low-frequency behavior, as could partially be inferred from earlier empty silencer results;
18 ͑2͒ increasing extension lengths reduces TL at high frequencies; and ͑3͒ relatively small extensions improve TL in midfrequency range: Note, for example, the silencer of Fig. 3͑b͒ with L 1 ϭL 2 ϭ3.5 cm with improved attenuation ͑40 dB at the frequency range of 980 Hzр f р1450 Hz). Further increase in extension lengths may suppress the attenuation relative to the no-extension case: Note, for example, the L 1 ϭL 2 ϭ7.5 cm configuration in Fig. 3͑b͒ . The results in Figures 3͑a͒-͑c͒ for filled silencers may be contrasted to their counterparts in Figs. 4͑a͒-͑c͒ with the filling and perforations removed, while retaining the same geometry.
Using the same pairs of inlet/outlet extensions in Fig. 3 , the attenuation performance in the absence of perforated screen is presented in Fig. 5 . The effect of extensions at lowand high-frequency regions are qualitatively similar to Fig.  3 , while the reduction in TL is smaller in the absence of perforations. Attenuation in midrange frequencies shows some qualitative similarity to that of Fig. 3 , for example, in terms of some augmentation with shorter extensions and deterioration at longer extensions ͓see, for example, Fig. 5͑b͔͒ . The same midrange also exhibits the differences such as: ͑1͒ the longer extensions in the absence of perforations do not hinder the TL as much; and ͑2͒ the resonances tend to move to different frequencies and length combinations.
Analytical transmission loss for perforated dissipative silencers with different flow resistivities (Rϭ1000, 4896, and 17 378 Rayls/m͒ are presented in Fig. 6 , as contrasted to the limiting case of an empty chamber. The relative behavior is frequency dependent, with higher flow resistivity reducing TL at low frequencies and improving at high frequencies. The performance of the base model ͑with R ϭ4896 Rayls/m) is better than the other three silencers at frequencies below 1400 Hz.
The effect of perforation porosity (ϭ2%, 8%, and 50%͒ is shown in Fig. 7 , in comparison with the limiting case of removed perforations. High porosity improves the attenuation at relatively high frequencies, whereas the lower porosities (ϭ2% and 8%͒ introduce resonances at low to midfrequency range, thereby improving TL. The behavior of the silencer with ϭ2% resembles that of a Helmholtz resonator, while the one with ϭ50% exhibits a behavior similar to that of no perforations, as expected.
IV. CONCLUDING REMARKS
The acoustic attenuation performance of a perforated single-pass, concentric cylindrical dissipative expansion chamber with inlet/outlet extensions has been investigated by using a two-dimensional, closed-form analytical approach. With the expressions of the acoustic eigenvalues and eigenfunctions in various domains of the silencer, the transmission loss of the silencer is obtained analytically by utilizing the continuities of the acoustic pressure and particle velocity. The expected agreement between the analytical and BEM results has been illustrated for a specific configuration. These results, in turn, compare reasonably well with the measured TL. The acoustic attenuation of dissipative silencers with inlet/outlet extensions is also compared with their counterparts with the filling or perforations removed. The effects of length extensions, absorbent resistivity, and perforation porosity on the acoustic attenuation of the silencers have been illustrated.
APPENDIX A: ACOUSTICAL PROPERTIES OF FIBROUS MATERIAL
The acoustic properties of the fibrous material are characterized by the complex-valued characteristic impedance Z ϭ c and wave number k ϭ2 f /c , expressed as 
